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Abstract 

Let Z and N be the set of integers and the set of positive integers, respectively. For 
a, b,c,d,n £ N let t{a, b, c, d; n) be the number of representations of n by ax{x — l)/2 + 
by{y — l)/2 + cz{z — l)/2+dw{w — l)/2 (x, y,z,w £ Z). In this paper we obtain explicit for- 
mulas for t(a, 6, c, d; n) in the cases (a, 6, c, d) = (1, 2, 2,4), (1,2,4,4), (1,1,4,4), (1,4,4,4), 
(1,3,9,9), (1,1,3,9), (1,3,3,9), (1,1,9,9), (1,9,9,9) and (1,1,1,9). 
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1. Introduction 


Let Z and N be the set of integers and the set of positive integers, respectively. For 
n G N let 

^(n) = '^ d. 

d\n^dGN 

For convenience we define cr(n) = 0 for n ^ N. For a, 6, c, d G N and n G N U {0} set 
N{a, b, c, d; n) = |{(x, y,z,w) G Z^ | n = ax‘^ + by"^ + cz^ + drc^}| 

and 

t{a,b,c,d;n) = ^{x,y, z,w) £ \ n = a-^ —— ~^^~2 —-2-1 

The numbers (x G Z) are called triangular numbers. 


The second author is the corresponding author. 
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In 1828 Jacobi showed that 


( 1 . 1 ) 


N{l,l,l,l;n) =8 d. 

d\n,4^d 


In 1847 Eisenstein (see [D]) gave formulas for A^(l, 1,1, 3; n) and A^(l, 1,1,5; n). From 
1859 to 1866 Liouville made about 90 conjectures on N{a, b, c, d; n) in a series of papers. 
Most conjectures of Liouville have been proved. See [Al, A2, AALW1-AALW4], Cooper’s 
survey paper [C], Dickson’s historical comments [D] and Williams’ book [W2]. 

Let 


t'{a, b, c, d;n) = | {x, y, z, tc) G | n 


= a 


x{x - 1 ) ^ ^ y{y - 1 ) ^ ^ z{z - 1 ) ^ ^ w{w - 1 ) 


As ^a(a + 1) = ^(—a — 1)(—a — 1 + 1) we have 

t(a, b, c, d; n) = 16t'(a, b, c, d; n). 


In [L] Legendre stated that 

(1.2) t'(l,l,l,l;n) =cj(2n + l). 

In 2003, Willia m s [Wl] showed that 

t'(l,l,2,2;n) = i (d_(_i)^). 

rf|4n+3 

For a, 6, c, d G N with l<a + 6 + c + (i<8 1et 


C{a, b, c, d) = 16 + 4ii(ii - 1)^2 + Siii^, 


where ij is the number of elements in {a, b, c, d} which are equal to j. When 1 < a + b + 
c + d < 7, in 2005 Adiga, Cooper and Han [ACH] showed that 

(1.3) C{a, b, c, d)t'{a, b, c, d; n) = N{a, b, c, d] 8n + a + b + c + d). 


When a + 6 + c + d = 8, in 2008 Baruah, Cooper and Han [BCH] proved that 
(1.4) C{a, b, c, d)t\a, b, c, d; n) = N{a, b, c, d; 8n + 8) — N{a, b, c, d; 2n + 2). 


In 2009, Cooper [C] determined t'{a,b,c,d-,n) for {a,b,c,d) = (1,1,1,3), (1,3,3,3), 
(1,2, 2, 3), (1,3,6, 6), (1,3,4,4), (1,1, 2,6) and (1, 3,12,12). 

In this paper, by using some formulas for N{a, b, c, d; n) in [Al, A2, AALW1-AALW4] 
and Ramanujan’s theta functions we obtain explicit formulas for t{a, b, c, d; n) in the cases 
(a,6,c,d) = (1,2,2,4), (1,2,4,4), (1,1,4,4), (1,4,4,4), (1,3,3, 9), (1,1,9, 9), (1,9, 9,9), 
(1,1,1,9), (1,3, 9,9) and (1,1,3, 9). 

For m, n G N with 2 | m and 2 j" n we define 


Sm{n) = '^ X. 

(r,s)GZxZ 
n=r‘^-\-ms^ 
r=l (mod 4) 
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As + 2s^ = 0,1, 2,3,4,6 (mod 8) for r,s € Z, we see that S 2 {n) = 0 for 
(mod 8). Also, = 0,1 (mod 4) for r,s G h implies that 5*4(n) = 0 for 

(mod 4). In this paper, following [AALW4] we also define 


S{n) = Y, 


d\n 


n /2 

d\d 


where (^) is the Legendre-Jacobi-Kronecker symbol. 


2. Formulas for t(l,3, 9,9;n) and 9;n) 

Ramanujan’s theta functions ip{q) and ipiq) are defined by 

OO OO OO 

^{q)= = l + and ^^( 9 ) = E d^l < !)• 

n=—oo n=l n=0 

It is evident that for |g| < 1, 

OO 

E b, c, d; = (p{q'")(p{q’’)(p{q'')‘f{q'^), 

n=0 

OO 

E t'ia, b, c, d; n)q^ = V’(9“)V’(9^)V’(99V’(9"*)- 

n=0 

From [BCH, Lemma 4.1] we know that for |g| < 1, 

(2.1) ip{q) = ifiq^) + 2qiP{q^) 
and 

(2.2) V’(g)V’(g") = </^(<?®)V’(g9 + 

Theorem 2.1. Let n € N. Then 

Af(l, 3,9, 9; 8n + 22) = 40t'(l, 3,9, 9; n). 

Proof. By (2.1), for |g| < 1 we have 

Tiq’') = Tiq*’') + 2gV(g®^) = ^( 9 ^®^) + 2g^^V’(9^^^) + 2g^V’(9®^)- 

Thus, for |g| < 1 we have 

OO 

YN{l,3,9,9-n)q^ 

n=0 

= T{q)T{q^)T{q^f 

= ((^(gi6) + 2gV(g32) + 2gV’(d®))(<^(d"®) + 2q^^i^{q^^) + 2q^{q^^)) 

X {ip{q^^^) + 2g36^(g288) ^ 2gV(9^9)^ 

= + 2gV’(g®)<^(d"®) + 2q^{q^^)^{q^^) 


n = 5, 7 
n = 2,3 
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+ 2q^'4j{q^‘^)Lp{q^^) + + 2q^‘^'4j{q^^)Lp{q^^) + W'4’{Q^^)i’{<f‘^) 

+ 4gl3v,(g8)V.(g96)) (<^(^144)2 ^ 4^72^(^288)2 ^ 4^36^(^144)^(^288) ^ 4^18^(^72)2 
+ Aq^ip{q^'^^)'4j{q^‘^) + 8q^^^{q‘^^^)'il>{q'^‘^)). 

Since 

OO OO 

= 1 + 2 ^ and = J]] g8fcn(n+l)/2 (|^| ^ 

n=l n=0 

we see that for any nonnegative integers ki,k 2 ,mi and m 2 , 

OO 

= Y.bnq^^ (|g| < 1). 

n=0 

Now from the above we deduce that for |( 7 | < 1, 


OO 

^iV(l,3,9,9;8n + 6)g®”+‘^ 

n=0 

= 2q'4){q^)ip{q^^) ■ ' ‘iq^^'4^{q^‘^f 

+ 8g30^(^16)^(^96)^(^72)2 ^ 16g22^(^144)^(^8)^(^72)^(^96) 

and so 

^ OO 

- J]iV(l, 3,9,9; 8n + 6)(?®"-i® 

n=0 

= 2 g 2 V(g 48 )^(^ 8 )^(^ 72 )^(^ 288 ) ^ ^(g 48 )^(^ 32 )^(^ 72)2 ^ 

+ + 2(/p((?144)^(^8)^(^72)^(^96)^ 

Replacing g with q^/^ in the above we obtain 

- OO 

- ViV(l, 3,9,9; 8n + 22 ) 9 - 

^ OO 

= -^iV(l,3,9,9;8n + 6)(?’^-2 

n=0 

= 2q^^{q^)^l^{q)i,{q^)^l^{q^^) + q:>{q^mq^mq^f + 2i;{q)i;{q^)^l^{q^f 

+ qv{q^)'4’{q^‘^)'4’{q^f + 2v7(g^®)V’(g)V’(g®)V'(^^^)- 

Now applying (2.2) we get 

. 00 

-^Af(l,3,9,9;8n + 22)g” 

n=0 

= 2V’(g)V’(g^)V’(9®)^ + '4^{q^f'4^{q)'4^{q^) + 2V'(g)V'(g®)V’(g^)V'(^®) 
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n=0 

Comparing the coefficients of in the above expansion we obtain the result. □ 


For n G N following [AALW3] we define 



Let (a, b) be the greatest common divisor of integers a and b. Suppose that n G N and 
n = 2"3^ni, where a and j3 are non-negative integers, ni G N and (ni,6) = 1. From 
[AALW3, Theorem 3.1] we know that 


A{n) = 2"3^A(ni), B{n) = (-l)“+^2" f ) A(ni), 

1 ) „ 

C{n) = (—^3^A(ni) and D{n) = (— ')A(ni). 

Vni/ 

Lemma 2.1 ([Al, Theorem 1.2]). Let n G N. Then 


A(l,3,9,9;n) 


' 2A(n/3) + 2B{n/3) — C{n/3) — D{n/3) 

< 2A{n) — -B{n) + C{n) — -D{n) 

3 3 

lo 


if n = 0 (mod 3), 
if n = I (mod 3), 
if n = 2 (mod 3). 


Theorem 2.2. Let n G N. Then 


t(l, 3, 9,9; n) 



0 



d\An-\-ll 


d\ni 


if3\n-2, 

if3\n, 

if3\n — l and 4n -|- 11 = 3^ni (3 f ni). 


Proof. By Theorem 2.1, 


t(l, 3,9, 9; n) = 16t'(l, 3, 9,9; n) 


-A(l,3,9,9;8n + 22). 


Now applying Lemma 2.1 and (2.3) we deduce that 


t(l, 3,9, 9; n) 


' 0 

, f/l(4n + n) 
2(3«-'-(-))A(n,) 

ni 


if 3 I n — 2, 
if 3 I n, 

if 3 I n — 1 and 4n -|- 11 = 3^ni (3 f ni). 
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To see the result, we note that 


(2.4) Mm) = formeNwith (6,m) = 1. □ 

d\m d\m 


Lemma 2.2 ([Al, Theorem 1.3]). Let n G N. Then 
A(l,l,3,9;n) = | 


('2A(n/3) + 2i?(n/3) — (^(n/S) — Zl(n/3) if n = 0 (mod 3), 

4A(n) — -B{n) + 2C{n) — -D{n) 

3 3 

2A(n) - + C{n) - ^D{n) 


if n = I (mod 3), 
if n = 2 (mod 3). 


Theorem 2.3. Let n G N. Then 


d\4n+7 


t(l,l,3,9;n) = { 


if3\n, 
i/3 I n - 1, 


I E <) 

rf|4n+7 

2(3^“^(—) — l) d{-,) if 3 \ n — 2 and 4n + 7 = 3^ni (3 f ni). 
m ^ a 

d\ni 


Proof. Suppose |( 7 | < 1. Then clearly 

OO 

N{1, 1,3, 9; n)q^ = 


n=0 
I n„k„i,/’ „8k 


Since (p{q^) = </?(y ) + 2q^'ip{q^^) = + 2q*^'ip{q'^^^) + 2q^'ip{q^^) by (2.1), we see 

that 


= ((^(gie) + 2gV(<?='') + 2qi^{q^))\q7{q^^) + 2q^^i;{q^^) + 2q^^l;{q^*)) 

X + 2g3V(g2®®) + 2gV(9^^)) 

= (7^(9^®)^ + 4gV(g^^)(/7(g^®) + Aq^TpiqM'^ 

+ 4q‘^-ip{q^)‘^ + 4q(p{q^^)'ilj{q^) + 8q^'ip{q^)-ip{q^‘^)) 

X {^{q^Mq^M + 2g3V(g^®)V'(g2®®) + 2q\{q*^)^P{q'^^) + 2q^‘^i;{q^^)ip{q^^*) 

+ 4g4V(g®®)V’(9^®®) + Vl^(g96)^(^72) ^ 2g3^(g24)(^(gl44) 

+ iq^^ip{qM'ip{q‘^^^) + 

Note that — Yl^=o^nq^"' 1^1 ^ ^'^d any nonnegative integers 

ki,k 2 , mi and m 2 ■ From the above we deduce that 

CxD 

y]]A(l,l,3,9;8n + 6)g®'^+® 

n=0 

= 4g(^(gi6)^(g8) . ^ 8q^^|;{q^)^|;{q^‘^) ■ 2q\{q^^)iP{q'^^) 

+ 4qM{q^)‘^ ■ 2q^\{q^^)if{q^^^) + 4g2v,(g8)2 . 2q^M{q^^)T{q^"") 
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+ ■ W^i’{q^‘^)i’{q'^‘^) 


and so 

- OO 

- j;iV(l, 1,3,9; 8 n + 6 )(? 8"-8 

Replacing q with in the above we obtain 

^ OO 

-^iV(l,l,3,9;8n + l%" 

n=0 

OO 

= -ViV(l,l,3,9;8n + 6 )( 7 "-i 

Now applying (2.2) we get 

OO 

- ViV(l, 1,3,9; 8 n + l%- 

= 2i){qfi;{q^)i;{q^) + ipiqf'ipiq^)'ipiq^) + 2'il;{qfi;{q^)ip{q^) 

OO p, OO 

= ^'il^{qf'ipiq^)'ipiq^) = 5 ^ t'(l, 1, 3,9; n)q'^ = ^6 ^ 

n=0 n=0 

Comparing the coefficients of q"^ we obtain 

t(l, 1, 3,9; n) = -fV(l, 1, 3,9; 8 n + 14). 

5 

Now applying Lemma 2.2, (2.3) and (2.4) we deduce the result. □ 

3. Formulas for /:(!, 1,4,4; n), t(l^ 4,4,4; n), /:(!, 2, 2,4; n) 
and /:(!, 2,4,4; n) 

Lemma 3.1. Let a,b,c,d,n gN. Then 
t{a, b, c, d] n) 

= N{a, b,c,d-,'&n -\- a -\- b + c-\- d) — N{a, 6 , c,dd; 8 n + a + 6 + c + d) 

— N{a, b, 4:C, d] 8n + a + b + c + d) + N{a, b, 4c, 4d; 8 n + a + 6 + c + d) 

— N{a, Ab, c, d] 8n + a + b + c + d) + N{a, 46, c, 4d; 8 n + a + 6 + c + d) 

+ N{a, 46,4c, d; 8 n + a + 6 + c + d) — N{a, 46,4c, 4d; 8 n + a + 6 + c + d) 

— N{Aa, 6 , c, d; 8 n + a + 6 + c + d) + A^(4a, 6 , c, 4d; 8 n + a + 6 + c + d) 
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+ N{Aa, b, Ac, d] 8n + a + b + c + d) — N (4a, b, 4c, Ad; 8n + a + b + c + d) 

+ N{Aa, Ab, c, d; 8n + a + b + c + d) — N (4a, 46, c. Ad; Sn + a + b + c + d) 

— N{Aa, 46,4c, d; 8n + a + 6 + c + d) + iV(4a, 46,4c, Ad; Sn + a + b + c + d). 

Proof. It is clear that 


t{a, 6, c, d; n) 

ir/ , I x(x — 1) viy — 1) ziz — 1) ,t(;(t(; —l),i 

= \{{x,y,z,w)e'L^ \n = a ^ ^ ^ +6 ^^^^ 2 ^^ 2 

= \{{x,y, z,w) G I 8n + a + 6 + c + d 

= a{2x - if + b{2y - if + c{2z - if + d{2w - lf}\ 

= |{(x, y,z,w) G Z^ I n = ax^ + by"^ + cf + dvf, 2 \ xyzw — 1}| 


\{{x,y 


w 

) gz^ 

n = 

ax^ + by'^ + cz^ + dw"^, 2 \ yzw 

-1}| 

- {(a; 

y, 

Z, 

w] 

G Z"^ 

1 n 

= 

4ax^ + by"^ + cz^ + dvf, 2 \ yzw — 1}| 

\{{x,y 


w 

) gz^ 

n = 

ax^ + by^ + cz^ + dw"^, 2 \ zw - 

-1}| 

-|{(x 

y, 

Z, 

w) 

G Z^ 

1 n 

= 

ax^ + Aby‘^ + cz^ + dw"^, 2 | ztc — 1}| 

-|{(x 

y, 

Z, 

w) 

G Z^ 

1 n 

= 

4ax^ + by^ + cz^ + dw^, 2 | ztc — 1}| 

+ |{(^ 

y, 

Z, 

w) 

G Z^ 

1 n 

= 

4ax^ + 46y^ + cz^ + dw ‘^, 2 | 

zw — 1}| 

|{(a;,2/ 

Z 

w 

) G Z^ 

n = 

ax^ + by^ + cz‘^ + dw"^, 2 | re — 

1}I 

-|{(x 

y, 

Z, 

w) 

G Z^ 

n 

= 

ax^ + 6y^ + 4 c2;^ + dw"^, 2 | tc — 1}| 

-|{(x 

y, 

Z, 

w) 

G Z^ 

n 

= 

ax^ + 46y^ + cz^ + dw"^, 2 | tc — 1}| 

+ |{(^ 

y, 

Z, 

w] 

G Z^ 

n 

= 

ax^ + Aby"^ + 4c2;^ + dw "^, 2 | 

w-1} 

-|{(x 

y, 

Z, 

w) 

G Z^ 

n 

= 

4ax^ + by^ + cz^ + dw‘^, 2 | tc — 1}| 

+ |{(^ 

y, 

Z, 

w) 

G Z^ 

n 

= 

4ax^ + by^ + 4c2;^ + dw ‘^, 2 | 

u;- 1} 

+ |{(^ 

y, 

Z, 

w) 

G Z^ 

n 

= 

4ax^ + 46y^ + cz^ + dw '^, 2 | 

w- 1} 

-|{(x 

y, 

Z, 

w) 

G Z^ 

n 

= 

4ax^ + 46y^ + 4cz^ + dw‘^,2 

1 w- 1} 

\{{x,y 

Z 

w 

) G Z^ 

n = 

ax^ + by^ + cz^ + dw^}\ 


-|{(x 

y, 

Z, 

to) 

G Z^ 

1 n 

= 

ax^ + by'^ + cz‘^ + 4(itc^}| 


-|{(x 

y, 

Z, 

w) 

G Z^ 

1 n 

= 

ax^ + 6y^ + 4cz^ + dw^}\ 


+ |{(^ 

y, 

Z, 

w) 

G Z^ 

1 n 

= 

ax^ + by^ + 4cz^ + Adw‘^}\ 


-|{(x 

y, 

Z, 

Wj 

G Z^ 

n 

= 

ax^ + 46y^ + cz^ + dw^}\ 


+ l{(^ 

y, 

Z, 

w) 

G Z^ 

n 

= 

ax^ + 46y^ + cz^ + 4(it(;^}| 


+ l{(^ 

y, 

Z, 

w) 

G Z^ 

n 

= 

ax^ + Aby"^ + 4c2;^ + dw‘^}\ 


-|{(x 

y, 

Z, 

w) 

G Z^ 

n 

= 

ax^ + 46y^ + 4cz^ + Adw‘^}\ 


-|{(x 

y, 

Z, 

w] 

G Z^ 

n 

= 

Aax^ + by'^ + cz^ + dw^}\ 


+ l{(^ 

y, 

Z, 

w) 

G Z^ 

n 

= 

Aax^ + by^ + cz^ + 4(it(;^}| 


+ l{(^ 

y, 

Z, 

w) 

G Z^ 

n 

= 

4ax^ + by'^ + 4c2;^ + dw^}\ 


-|{(x 

y, 

Z, 

w) 

G Z^ 

1 n 

= 

Aax^ + by^ + 4cz^ + 4(irt;^}| 


+ l{(^ 

y, 

Z, 

w] 

G Z^ 

1 n 

= 

4ax^ + 46y^ + cz^ + dw‘^}\ 


-|{(x 

y, 

Z, 

w] 

G Z^ 

1 n 

= 

Aax^ + 46y^ + cz^ + Adw‘^}\ 






— \{{x,y,z,w) G I n = 4ax^ + 46y^ + Acz‘^ + dw‘^}\ 

+ \{{x,y, z,w) G Z"^ I n = 4ax^ + 46y^ + 4cz'^ + Adw‘^}\. 


Thus the result follows. □ 

For general positive integer n, in a series of papers A. Alaca, S. Alaca, M.F. Lemire and 
K.S. Williams (see [AALWl, AALW2, AALW4]) gave explicit formulas for N{a,b,c,d;n) 
in the cases (a, b, c, d) = (1,1,4,4), (1,1,16,16), (1,1,4,16), (1,4,4,4), (1,4,16,16), (1,4,4, 
16), (1,2,2,4), (1,2,2,16), (1,2,16,16), (1,2,4,16), (1,2,4,8), (1,2,4,4), (1,2,8,16), 
(1,4,8, 8) and (1, 8,8,16). Based on Lemma 3.1, we need some special results in [AALWl, 
AALW2, AALW4] to prove our formulas for t(l, 1,4,4; n), t(l, 4,4,4; n), f(l, 2, 2,4; re) and 
f(l,2,4,4;re). 

Lemma 3.2 ([AALWl, Theorem 1.11]). Let re G N with re = 2 (mod 4). Then 
A(l,l,4,4;re) =4iT(re/2). 

Lemma 3.3 ([AALW2, Theorems 4.6 and 4.8]). Let re G N and re = 2 (mod 8). 
Then 

71 2 71 

A(l,l,16,16;re) = A(l,l,4,16;re) = 2re(-) +2(—)54(-). 

Theorem 3.1. Let re G N. Then 


t{l, 1,4,4; re) = 2(cr(4re + 5) + (-l)”54(4re + 5)). 

Proof. Since x^ ^ 2 (mod 4) for x G Z, from Lemma 3.1 we see that 
t(l,l,4,4;re) 

= A(l, 1,4,4; 8re + 10) - A(l, 1,4,16; 8re + 10) 

- N{1, 1,16,4; 8re + 10) + A(l, 1,16,16; 8re + 10) - N{1, 4,4,4; 8re + 10) 

+ N{1, 4,4,16; 8re + 10) + A(l, 4,16,4; 8re + 10) - A(l, 4,16,16; 8re + 10) 

- A(4,1,4,4; 8re + 10) + A(4,1,4,16; 8re + 10) + A(4,1,16,4; 8re + 10) 

- A(4,1,16,16; 8re + 10) + A(4,16,4,4; 8re + 10) - A(4,4,4,16; 8re + 10) 

- A(4,4,16,4; 8re + 10) + A(4,4,16,16; 8re + 10) 

= A(l, 1,4,4; 8re + 10) - 2A(1,1,4,16; 8re + 10) + N{1, 1,16,16; 8re + 10). 

Now applying Lemmas 3.2 and 3.3 we obtain 

f(l, 1,4,4; re) = 4c7(4re + 5) - 2 {2a{An + 5) + 2+ 5)) 

+ 2(T(4re + 5) + ^ —-j-^) <S'4(4re + 5) 

= 2(a(4re + 5)- (^^^)54(4re + 5)). 

This yields the result. □ 

Lemma 3.4 ([AALWl, Theorem 1.18]). Let re G N and re = 1 (mod 4). Then 

A(l,4,4,4;re) = 2cr(re). 

Lemma 3.5 ([AALW2, Theorem 4.5]). Let re G N and re = 1 (mod 4). Then 
A(l,4,16,16;re) = io-(re) + ^(2 + (-1) V)S’ 4 (re). 
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Lemma 3.6 ([AALW2, Theorem 4.7]). Let n G N and n = 1 (mod 4). Then 

N{1, 4,4,16; n) = a{n) + S 4 {n). 

Theorem 3.2. Let n G N. Then 

t(l, 4,4,4; n) = ^ (^a{8n + 13) — 3 S' 4 ( 8 n + 13)^ . 

Proof. Since = 0,1,4 (mod 8 ) for x G Z, using Lemma 3.1 we see that 
t(l,4,4,4;n) 

= A(l, 4,4,4; 8 n + 13) - iV(l, 4,4,16; 8n + 13) 

- A(l, 4,16,4; 8 n + 13) + A(l, 4,16,16; 8 n + 13) - N{1, 16,4,4; 8 n + 13) 

+ A(l, 16,4,16; 8 n + 13) + A(l, 16,16,4; 8 n + 13) - N{1, 16,16,16; 8 n + 13) 

- A(4,4,4,4; 8 n + 13) + A(4,4,4,16; 8 n + 13) + A(4,4,16,4; 8 n + 13) 

- A(4,4,16,16; 8 n + 13) + A(4,16,4,4; 8 n + 13) - A(4,16,4,16; 8 n + 13) 

- A(4,16,16,4; 8 n + 13) + A(4,16,16,16; 8 n + 13) 

= A(l, 4,4,4; 8 n + 13) - 3A(1,4,4,16; 8 n + 13) + 3A(1,4,16,16; 8 n + 13). 

Now applying Lemmas 3.4, 3.5 and 3.6 we obtain 
t(l,4,4,4;n) 

= 2cj(8n + 13) - 3(o-(8n + 13) + 54 ( 8 n + 13)) + ^(o-( 8 n + 13) + ^ 4(871 + 13)) 

= ^ + 13) - 354(8n + 13)) . 

This proves the theorem. □ 

Lemma 3.7 ([AALWl, Theorem 1.14]). Let n G N with 2\n. Then 

A(l,2,2,4;n) = 2o-(n). 

Lemma 3.8 ([AALW2, Theorems 4.9, 4.11 and 4.13]). Let n G N and n = 1 

(mod 8 ). Then 

N{1, 2, 2,16; n) = N{1, 8, 8,16; n) = N{1, 2, 8,16; n) = cr{n) + 54 ( 77 ). 

Lemma 3.9 ([AALW2, Theorems 4.1 and 4.4]). Let ?7 G N and n = 1 (mod 4). 
Then 

N{1, 2,4,8; n) = A(l, 4,8, 8; n) = (T{n) + (—1)^^ 54 ( 77 ). 

Theorem 3.3. Let 77 G N. Then 

t{l, 2, 2,4; n) = 77(877 + 9) - 54(877 + 9). 


10 



Proof. From Lemma 3.1 we have 


f(l,2,2,4;n) 

= A^(l, 2, 2,4; 8 n + 9) - iV(l, 2, 2,16; 8 n + 9) 

- N{1, 2,4, 8 ; 8 n + 9) + A^(l, 2,8,16; 8 n + 9) - A^(l, 2,4, 8 ; 8 n + 9) 

+ N{1, 2, 8,16; 8 n + 9) + iV(l, 4, 8 , 8 ; 8 n + 9) - A^(l, 8,8,16; 8 n + 9) 

- iV(4, 2, 2,4; 8 n + 9) + 2, 2,16; 8 n + 9) + A^(4, 2, 8 ,4; 8 n + 9) 

- iV(4, 2, 8 , 8 ; 8 n + 9) + N{i, 8 ,4,4; 8 n + 9) - N{i, 8 , 2,16; 8 n + 9) 

- iV(4, 8 , 8 ,4; 8 n + 9) + A^(4, 8,8,16; 8 n + 9) 

= N{1, 2, 2,4; 8 n + 9) - iV(l, 2, 2,16; 8 n + 9) - 2A^(1, 2,4, 8 ; 8 n + 9) 

+ 2 Ar(l, 2,8,16; 8 n + 9) + N{1, 4, 8 , 8 ; 8 n + 9) - iV(l, 8 , 8,16; 8 n + 9). 

Now applying Lemmas 3.7, 3.8 and 3.9 we obtain 

t(l,2,2,4;n) 

= 2a{8n + 9) — (cj( 8 n + 9) + 54 ( 8 n + 9)) — 2{a{8n + 9) + 54 ( 8 n + 9)) 

+ 2{a{8n + 9) + 54 ( 8 n + 9)) + a{ 8 n + 9) + 54 ( 8 n + 9) — {a{ 8 n + 9) + 84^(871 + 9)) 

= cj( 8 n + 9) — 54 ( 8 n + 9), 

which completes the proof. □ 

Lemma 3.10 ([AALW2, Theorems 4.17 and 4.18]). Let n G N and n = 1,3 

(mod 8 ). Then 

N{1, 2,4,16; n) = A(l, 2,16,16; n) = S{n) + 5 ' 2 (n). 

Lemma 3.11 ([AALW4, Theorem 5.4]). Let n G N with 2\n. Then 

A(l,2,4,4;n) = 25(n). 

Theorem 3.4. Let n G N. Then 

t(l,2,4,4;n) = - ^ - ^ 2 ( 8 ^ + 11). 

d|8n+ll 

Proof. Since = 0,1 (mod 4) for x G Z, from Lemma 3.1 we see that 
t(l,2,4,4;n) 

= A(l,2,4,4;8n + 11) - A(l,2,4,16; 8 n + 11) 

- A(l, 2,16,4; 8 n + 11) + A(l, 2,16,16; 8 n + 11) - N{1, 8 ,4,4; 8 n + 11) 

+ N{1, 8,4,16; 8 n + 11) + A(l, 8,16,4; 8 n + 11) - N{1, 8,16,16; 8 n + 11) 

- A(4,2,4,4; 8 n + 11) + A(4,2,4,16; 8 n + 11) + A(4,2,16,4; 8 n + 11) 

- A(4,2,16,16; 8 n + 11) + A(4, 8 ,4,4; 8 n + 11) - A(4, 8,4,16; 8 n + 11) 

- A(4,8,16,4; 8 n + 11) + A(4,8,16,16; 8 n + 11) 

= A(l,2,4,4;8n + 11) - 2A(1,2,4,16; 8 n + 11) + A(l, 2,16,16; 8 n + 11). 

Now applying Lemmas 3.10 and 3.11 we obtain 

t{l, 2 ,4,4; n) = 2S{8n + 11) - 2{S{8n + 11) + 52 ( 8 n + 11 )) + (5(8n + 11) + S’ 2 ( 8 n + 11)) 
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= S{ 8 n + 11 ) — S 2 { 8 n + 11 ). 


Since 


S(8n + ll)= ))(!)= 5: < (8„+n)/J =- E 

d|8n+ll d|8n+ll d|8n+ll 


dJ' 


from the above we deduce the result. □ 


4. Formulas for 3,3, 9; n), 1, 9, 9; n), 9, 9, 9; n) 

and 1,1, 9; n) 

For a, 6, c, d, n G N let 

No{a, b, c, d] n) = | {(x, y, z, re) G | n = ax^ + by^ + cz^ + 2 \ xyzw'^\. 

From the proof of Lemma 3.1 we know that 


(4.1) t{a, b, c, d; n) = No{a, b, c, d; 8n + a + b + c + d). 

Lemma 4.1. Let n G N and n + 1 = 2"3^ni with (6, ni) = 1. Then 


t{l, l,3,3;n) = 


r 4cj(ni) i/2|n, 
l2"+^cj(ni) if2\n. 


Proof. By [BCH, Theorem 1.5], 


t(l,l,3,3;n) = 16t'(l, 1,3, 3; n) 


4iV(l,l,3,3;n + 1) if 2 | n, 

2{N{1, 1,3, 3; 2n + 2) - iV(l, 1, 3,3; n + 1)) if 2 f n. 


Ramanujan (see [Be, pp. 114,223]) gave theta function identities that yields the following 
Liouville’s conjecture (see [D]): 


iV(l,l,3,3;n + l) 


16(j(ni) if 2 I n, 

4 (2«+i _ 3)^(^i) [f2\n. 


Since 2n + 2 = 2"'’'^3^ni, combining all the above yields the result. □ 
Theorem 4.1. Let n G N and n + 2 = 2"3^ni with (6,ni) = 1. Then 


t(l, 3,3, 9; n) 


’ 0 if n = 2,5 (mod 6), 

16cr(ni) ifn=l (mod 6), 

< 2"’''^cj(ni) ifn = 4 (mod 6), 

8 (j(ni) ifn = 3 (mod 6), 

_ 2"’''^cj(ni) ifn = 0 (mod 6). 


Proof. From (4.1) we know that t(l,3,3,9;n) = A'"o(l, 3,3, 9; 8n + 16). If 3 | n — 2, 
then 8n + 16 = 2 (mod 3). Since x^ ^ 2 (mod 3) for any x G Z, we get t(l,3,3,9;n) = 
A^o(l) 3,3, 9; 8n + 16) =0. If 3 | n — 1, then 3 | 8n + 16 and so 


t(l, 3,3, 9; n) = A'"o(l, 3, 3,9; 8n + 16) 
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= I {(a:, y, z, at;) G | 8n + 16 = (3x)^ + 3y^ + 3z^ + 9w'^, 2 f xyzw} | 

= |{(x,y, z,w) € I ^ = 3x^ + + z^ + 3w^, 2 f xyzt(;}| 

= lVo(l, 1, 3,3; 8(n - l)/3 + 8) = t(l, 1,3, 3; (n - l)/3). 

If 3 I n, since = 8n + 16 = 1 (mod 3) implies 3 | x or 3 | y we see that 

t(l, 1,3, 3; n + 1) = Aio(l, 1, 3,3; 8n + 16) 

= |{(x, y, z, re) G I 8n + 16 = (3x)^ + y^ + 3z^ + 3w^, 2 f xyzwj | 

+ I {(a:, y, z, re) G Z^ | 8 n + 16 = x^ + (3y)^ + 3z^ + 3w^, 2 j xyzwj | 
= 2iVo(l, 3, 3,9; 8n + 16) = 2t(l, 3,3, 9; n). 

Now combining the above with Lemma 4.1 yields the result. □ 
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Lemma 4.3 ([A2, Theorems 2.5 and 2.10]). For n G N with A\n we have 


iV(l,l,36,36;n) = 


^cj(n/4) — ^cr(n/16) + ^c(n/4) if n = 4 (mod 12), 

o o o 


4 , , , 16 , , , 

-cj(n/4) - ycj(n/16) 

8a{n/36) — 32(T(n/144) 


if n = 8 (mod 12), 
ifn = 0 (mod 12) 


lV(l,4,36,36;n) = 


^cj(n/4) 

^cj(n/4) 

8a{n/36) 


Lemma 4.4 ([A2, Theorem 2 


A(l,l,9,36;n) = 


^cj(n/4) 

^cj(n/4) 


- -fain/16) + ^c(n/4) 

- yf^(Vl6) 

- 32o-(n/144) 

.4]). For n G N with 4 | 

1 fi 8 

- -a(n/16) + -c(n/4) 

16 , , , 

- yf^Wie) 


8a{n/36) — 32iT(n/144) 


if n = 4 (mod 12), 

if n = 8 (mod 12), 
ifn = 0 (mod 12). 
n we have 

if n = 4 (mod 12), 

if n = 8 (mod 12), 
if n = 0 (mod 12). 


Lemma 4.5 ([A2, Theorem 2.8]). For n G N with 4 \ n we have 


A(l,4,9,9;n) = 


-a(n/4) - -a(n/16) + -c(n/4) 


-o-(n/4) - —ain/16) 
8ain/36) — 32ain/144) 


if n = 4 (mod 12), 

if n = 8 (mod 12), 
if n = 0 (mod 12). 


Lemma 4.6 ([A2, Theorem 2.9]). For n G N with 4 \ n we have 


A(l,4,9,36;n) = 


^cj(n/4) 

^cj(n/4) 


-ain/16) + -c(n/4) 

16 , , , 
ycj(n/16) 


8(j(n/36) — 32iT(n/144) 


if n = 4 (mod 12), 

if n = 8 (mod 12), 
if n = 0 (mod 12). 


Lemma 4.7 ([A2, Theorem 2.15]). For n G N with 4 \ n we have 


A(4,4,9,9;n) = 


-ain/4) - 
^ain/4) - 


-ain/16) + -cin/4) 

16 , , . 

ycj(n/ 16 ) 


8ain/36) — 32cj(n/144) 


if n = 4 (mod 12), 

if n = 8 (mod 12), 
if n = 0 (mod 12). 


Lemma 4.8 ([A2, Theorem 2.16]). For n G N with 4 \ n we have 


A(4,4,9, 36; n) = 


-ain/4) - f-ain/16) + ^c(n/4) 
^cj(n/4) - ^cj(n/16) 


3 V,. 

8iT(n/36) 


- 32o-(n/144) 


if n = 4 (mod 12), 

if n = 8 (mod 12), 
if n = 0 (mod 12). 
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Theorem 4.2. Let n € N. Then 


-cj(2n + 5) 

’ .2n + 5, 


t(l, l,9,9;n) = 


if n = 0 (mod 3), 

if n = 2 (mod 9), 
if n = 5,8 (mod 9), 


I -(cr( 2 n + 5) — c( 2 n + 5)) if n = 1 (mod 3). 

' 3 

Proof. For n = 2 (mod 3) we see that 3 | 8 n + 20 and so 

t(l,l,9,9,;n) 

= iVo(l,l,9,9;8n + 20) 

= |{(x, y, z, rr) G I 8n + 20 = (3x)^ + (3?/)^ + 9z'^ + 9vi?, 2 \ xyzw] \ 
rO if9tn-2, 

\ iVo(l, 1,1,1; —^) = t{l, 1,1,1; = 16a(^—) if 9 | n - 2 . 

Now assume n = 0,1 (mod 3). By Lemma 3.1, 

t(l, l,9,9;n) 

= N{1, 1, 9,9; 8 n + 20) - 2iV(l, 1,9, 36; 8 n + 20) + iV(l, 1,36,36; 8 n + 20) 

- 21V(1,4, 9,9; 8 n + 20) + 4iV(l, 4,9, 36; 8 n + 20) - 21V(1,4, 36, 36; 8 n + 20) 

+ iV(4,4,9, 9; 8 n + 20) - 21V(4,4, 9,36; 8 ra + 20) + 1V(1,1, 9,9; 2n + 5). 

For n = 0 (mod 3) applying Lemmas 4.2-4 .8 we see that 

t(l, l,9,9;n) 

A (o , o / 8 n + 20 4 8 n + 20 16 8 n + 20 

= 4cj(8n + 20) - 8 u(-^-) - 2{-a{ - ) - —a{ )) 

4 8 n + 20, 16 , 8 n + 20, ,4 8 n + 20, 16 . 8 n + 20,, 

+ 

+ 4(+(+±+) - L.,(+±+)) _ 2(L(+±+) - L.,(+±+)) 

T V 3 V ^ ; 3 ^ 16 ^3 ^ 4 ^ 3 ^ 16 

4 8 n + 20. 16 , 8 n + 20. ^,4 8 n + 20. 16 , 8 n + 20.. 4 

+ + r 

, , , , 8 , , 32 , 4n + 5, 4 , , 

= 28iT(2n + 5) — 24iT(2n + 5)- a{2n + 5) H- a {—-—) H—iT(2n + 5) 

3 3 4 3 

= ^f^( 2 n + 5). 

For n = 1 (mod 3), applying Lemmas 4.2-4 .8 we find that 
t(l,l,9,9;n) 

^ , , , 8 n + 20. ,4 8 n + 20, 16 , 8 n + 20, 8 . 8 n + 20., 

= 4u(8n + 20) - 8 u(^—) - 2(-u(^^) - -u(^^) + -c(^^)) 

4 8 n + 20, 16 , 8 n + 20. 8 , 8 n + 20, ,,4 8 n + 20, 16 , 8 n + 20, 

+ - y"'-i^> 

8 (8n + 20 4 8n + 20 _ Ig (8n + 20 g 8n + 20 _ 4 8n + 20 

3 V 4 ^3 ^ 4 ^ 3 ^ 16 ^ 3 ^ 4 ^3^4^ 
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16 ,8n + 20 8 ,8n + 20,, 4 8n + 20, 16 ,8n + 20, 8 ,8n + 20, 

3 ^ 16 ^ 3 ^ 4 3 ^ 4 ^ 3 ^ 16 ^ 3 ^ 4 ^ 

,4 8n + 20, 16 ,8n + 20, 8 .8n + 20,. 4 8 , , 

- 2{-a{^^) - + -c(^^)) + -a{2n + 5) + -c(2n + 5) 

8 16 4 8 

= 28iT(2n + 5) — 24iT(2n + 5) - a{2n + 5) -c(2n + 5) H— a{2n + 5) H—c(2n + 5) 

3 3 3 3 

= -(cr(2n + 5) — c(2n + 5)). 

3 

The proof is now complete. □ 

Theorem 4.3. Let n G N. Then 


t{l,9,9,9;n) = { 


16(t( 


2n + 7 
9 ^ 


if n = 1 (mod 9), 

i/n = 2,4, 5, 7, 8 (mod 9), 


(cj(2n + 7) — c(2n + 7)) ifn = 0 (mod 3). 


Proof. For x G Z we see that x{x — l)/2 = 0,1,3, 6 (mod 9). Thus, t{l, 9,9, 9; n) =0 
for n = 2,4,5,7,8 (mod 9). Now we assume that n = 0,1,3,6 (mod 9). For n = 1 
(mod 9) we see that 9 | 8n + 28 and so 

t{l, 9,9, 9; n) = iVo(l, 9, 9,9; 8n + 28) 

= I {(x, y, z, tc) G I 8n + 20 = (3x)^ + 9y^ + 9z‘^ + 2 \ xyzw"^ | 

, 8n + 28^ , n —Is ,2n + 7-. 

= Aro(l,l,l,l;—=t(l, 1,1,1; =16a(^^). 


9 


9 


For n = 0 (mod 3) we see that 


t{l, 1,9, 9; n + 1) = iVo(l, 1, 9,9; 8n + 28) 

= |{(x, y, z, re) G Z^ I 8n + 28 = (3x)^ + + 9z‘^ + 9rt;^, 2 f xyztc} | 

+ |{(a:, y, z, tc) G Z^ | 8n + 28 = x^ + (3y)^ + 9z^ + 9w^, 2 f xyzw"^\ 
= 21Vo(l, 9, 9,9; 8n + 28) = 2t(l, 9,9, 9; n). 

Now applying Theorem 4.2 we deduce the result in this case. □ 

Theorem 4.4. Let n G N. Then 


t(l,l,l,9;n) = 


2?t ~1~ 3 

4cr(2n + 3) + 12cr(—-—) if n = 0 (mod 3), 


9 


8iT(2n + 3) 

[ 4((T(2n + 3) — c(2n + 3)) 


if n = 1 (mod 3), 
if n = 2 (mod 3). 


Proof. For n = 0 (mod 3) we see that 3 | 8n + 12. If 8n + 12 = x^ + + w'^ for 

X, y,z,w ^ Z, then either x = y = z = w = 0 (mod 3) or xyzw = ±3 (mod 9). Thus, 

iVo(l, 1,1,1; 8n + 12) = 4iVo(l, 1,1, 9; 8n + 12) - 3iVo(9, 9,9, 9; 8n + 12). 

This together with (4.1) yields 


t(l,l,l,l;n + l) = 


4f(l,l,l,9;n) 


if n = 0, 6 (mod 9), 


n — 3s 


4t(l, 1,1,9; n) — 3t(l, 1,1,1;—-—) if n = 0 (mod 3). 


9 


16 



Now combining the above with (1.2) yields the result in this case. 

Suppose n = 1 (mod 3). Then 8n + 12 = 2 (mod 3). If 8n + 12 = + 9w‘^ 

for X, y,z,w £ Z, then 3 | xyz but 9 f xyz. Thus, 

t{l, 1,1,9; n) = Noil, 1,1, 9; 8n + 12) 

= |{(x, y, z, re) G Z^ I 8n + 12 = (3x)^ + + 9w‘^, 2 f xyzw] | 

+ I {(a:, y, tc) G Z^ | 8n + 12 = x^ + (3y)^ + z'^ + , 2 \ xyzw] \ 

+ I {(a:, y, tc) G Z^ I 8n + 12 = x^ + y^ + [Sz)'^ + 9w'^, 2 f xyzw] | 

= 31Vo(l, 1, 9,9; 8n + 12) = 3t(l, 1,9, 9; n - 1). 

This together with Theorem 4.2 yields the result in this case. 

For n = 2 (mod 3) we see that 8n + 12 = 1 (mod 3) and so 

t(l, 1,1,9; n) = Noil, I, I, 9; 8n + 12) 

= I {(a;, y, z, re) G Z^ I 8n + 12 = (3x)^ + (3y)^ + z^ + 9w^, 2 f xyzwj | 

+ I {(a:, y, z, rc) G Z^ | 8n + 12 = x^ + (3y)^ + (32:)^ + 9u;^, 2 f xyzwj | 

+ I {(a:, y, z, re) G Z^ | 8 n + 12 = (3x)^ + y^ + (3^)^ + 9w‘^, 2 f xyzwj | 

= 3iVo(l, 9, 9,9; 8n + 12) = 3t(l, 9,9, 9; n - 2). 

Now combining the above with Theorem 4.3 yields the result in the case n = 2 (mod 3). 
The proof is now complete. □ 

In conclusion we pose the following conjecture. 

Conjecture 4.1. Suppose n G N and 8n + 9 = 3^ni with 3 f ni. Then 

,(,,3.4;„).i(3^«(A)_l)^,(^)_ ^ 

d\ni a,b€N, 2fa 

4(8n+9)=a2+3fe2 

Conjecture 4.1 has been checked for n < 1000. 
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